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INTRODUCTION 

When large circuits of geodetic levelling are completetl, 1;lley are 
generally found to close with an error larger than would have beell 
expected from the accumulation of the usual accidental error. This fact 
is expressed by ascribing some source of systematic error to the work, 
and the International Standard of high precision levelling allows suc l~  
a systelnatic error of 0 .00106 feet per mile. Nevertheless the presenrfB 
of systematic error in any work is unsatisfactory, being in fac t  all 
admission ot' failure to  devise a perfect system. 

Apart from movements of t,he Earth's crust there seem to  be 
four ways in which large errors may arise in our present system of 
high precision levelling :- 

(1) Movenients of the peg or bencli-mark on which tile staff 
is placed : either during work, during the night,, or 
during the months wh1c11 elapse between srlccessive 
seasons. Colonel Rurrard* 11as laid emphasis on this  
source of error, and precantions against i t  now take the  
form of avoiding rsilnrays, of levelling the line once i l l  

each direction, ant1 in seeking to close the season's work 
on rock c i ~ t  bench-nlal-ks. The last especially is oftell 
impossible, and movements of pegs and bench-marlis 
must st,ill be con~idered a possible source of ~ysternnt~ic 
error. 

( 2 )  Wooden levellin? staves are imperfect iustruments. I 1.- 

regular expanston may lead to small but appreciable errors 
in different parts of the staff after correction for overall 
lengtli. When levelling uphill ont? part of the staff 
may always be read in the back posit,ion, ancl a different. 
part in the fore l)osition, so tha t  a systematic error may 
result. I t  is erl)ected t.hwt invar staves mill sllortly be 
introduced into the Surve! of India, and tl~is source of 
error, which is i l l  :\.11y case u~llikely t o  be scrions, should 
then disappear. 

( 5 )  Irregnlar refraction may i~lt.rotlrlce errors of some t11o11- 
sandtlis of a foot at. a single station. TJnder ordinary 
circnmstances they will not accnmulate, but  when worlc- 
ing on a long c o n t i n ~ ~ o t ~ s  gradient they would tend to 
do so. 

(.la) 'l11le crossing of witle nnbridged rivers involves a great loss 
of accuracy. 

'Chis paper contains t.he res~ilts of enquiries into three point,s 
conr~crtctl with t.hcse so~lrccs of error viz :- 

l'a.1.6 I. 'I'he crossing of 1i11brid~etl rivers. 
' I  1 .  'I'he errnr tlnt? to refraction when levellillg up a hill. 
P a r t  I IT. 'L:lle correction for sta.ff lengt,]~. 



The first iuvestigat,ion was undertaken partly to  test the merits of 
t,\vc, levels which had been fittecl with eye-piece micrometers for  the 
r~~easurement of sma.11 vert'ical angles, and partly to discover what accu- 
racy i t  is in fact possible to ob t a~n  when crossing a wide river. The 
latter point is one on I\-hich considerable donbt exists. For instance, 
probable errors have been deduced from the accordance of the various 
individual measures made, and ha.ve generally been recorded as leks 
0.010 feet : on the other hand, when a circuit has closed with some large 
error, such as a whole foot. the river crossings contained in i t  have been 
suspected of causing the error. A formula for the probable error hns 
now been cletliiced, depending on the width of the river and other condi- 
tions. It pretends to very little accuracy, hnt i t  is believed to  give 8 

~iseful indication. It has also been conclridetl t ha t  rivers of 30 chains 
or more in width shoulcl be crossed a t  several points along the banks, a 
sllort time being spent a t  each, rather than several days being spent a t  
one place. This is on account of the persistence of sign of the errom 
found a t  individiial sites. A further trial of the water-gange method is 
also recommended. 

Of the appendices to this part, A, C ant1 G refer to  points which are 
not novel but  which are ap t  to be overlookecl. B, D and E give detailed 
results of the experiments, the interest oE t,he last two lying largely in 
the figures given for the t,emperature gradient. Appendix F gives some 
forrn11l;r~ for the c~irvat~nre ant1 coefficient of refraction in horizontal rays 
O F  light. 

Part I1 contaius the dcduct,ion of t.he l-efraction correction in the  
line from Dehra Dun to  Rlussoorie, based on observations made in 1927. 
The correction is found to be of about the same order of magnitude as 
the usual probable error of a line of the same length. It is, however, 
so uncertainly determined tllat, i t  is not considered worth applying to  
trhe observed heights. i~ l though the correction is almost negligible in 
ttlis case, the formula sho~vs that  it may sometimes be of consequence 
on R line which rises less steeply. I t  is thonght that  this is more satis- 
factorily dealt with b j  reducing the length of s l ~ o t  on these rare 

than by trying to tleduce a correction from temperature 
red ings .  Rilles are given which i~ldicate when such rednction sho~ild 
be macie. 

Part IIZ e~lqr~i res  into :L point I-ecently raised by Dr. J. de (iraaff 
t[nllter,  namely that  the present method of apl)lying the staff correction 
is exact if the staves :Ire of equal lengt l~.  I t  is concluded t h a t  
tllis nlethotl suffices, providetl the ineqriality cloev not exceed 0.004. feet,  
a st;tntlard which can he niaintaineil witliont much difFicnlty. 









LEVELLING ACROSS UNBRIDGED RIVERS 
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PART I 

L E V E L L I N G  ACROSS U N B R I D G E D  RIYERS 

I n t r o d u c t o r y . - A n  unbriclged river a q u a ~ t e r  of a mile or more 
in is  an obstacle in the  course of ordinarv levelling, the  overcoming 
of rnhicIl not only requires special methotls of work, but  also results in 
serious loss of accurscy. Three ~netliods have previously been tried, viz :- 

(A) Water-gauge. 
(B)  Moving target ancl level. 
(Cj Vertical angles with a tl~eodolite. 

Tllese three n~etliods are c!escribed l , y  Capt.  H. L. Crost l~wai t ,  IL.E. 

i l l  Snrvey of India Professional Paper No. 7 of 190:1, \\.it11 reference to 
a crossing made by llinl a t  Darnul;clia, Rengal. 'L'lle water-gauge 
method has lately been consitlerecl aureliable. The target  method is slow 
arlcl laborious, and also liable to error on account of bias acquired by tlie 
man operating the target.  Tlie vert.~cal anqle methocl requires t\vo 
large theodolites, tlie use of \vhich is be~rontl the powers of ordinary 
levelling yersonnel. As an alternztive Lier1t.-Col. 1'. 1C. Cotter has had 
tmo *$merican binocular levels fitted \\;it11 micrometer eye-pieces. Like 
theodolites they can be sighted on to a tiserl target,  while their use 
requires no more skill than is necessary for ordinarj- levelling. 

I11 1927 five esperilneutal river crossings were made !vitli these 
levels by simultaneous reciprocal observatio~ls, near the Ganges bridge 
a t  Balawali ([J.P.), where the t r ~ i e  difference of heiKIlt could be found 
by ordinary levelling over the briclge. Details of the five rays are given 
iu Zi'igs. I to  5 and Table 7 .  

The levels were found entirely satisfactory, escel)t t.hat, since they 
are not l.eve~.sible, it is necessary to de(ermi11e t,heir collimation error 
\vit,h a trooblesome degrec of accuracy. The  use of these instruments 
is recom~nelided for f r ~ t ~ l r e  \vork ; or, if the use of a reversible 
level (such as Zeiss') similarly fittecl. 

Wi th  reasonable care serious instrumental error can probably be 
eliminated from ally of tlie last three methods :-target, theodolite, and 
micrometer Irvel. B u t  all rely eqr~ally on the assamption t h a t  the  
angles of refraction a t  either end are equal. The Dalawali experiments 
were principally carried out  mith a view to  determining what  sized 
errors are likely to  arise from this assnmption, and what s i t ing of t,he 
lun1y is most favourahle. I t  is ohviol~s t , l ~ a t  glueat, l e n ~ t h  and an un- 
symmet,rical sit'e have adverse cfferts, wllile increased helgllt above t h e  
gronntl or water is heneficinl. A t  least t,nlo of t,liese factors (height and 
sliol-tmess) are antaqonistic, so tha t  the choice of the  best possible site is 
inevitably a dificnlt  ma.t,ter of jutlgment. Tlie following brief state- 
ment of the causes of irregl~lar refraction, an(\ of the  probable effects of 
lengtlll, height. and asymmetry, is intended t'o serve as  a guide by which 
nu opinion ma.!. be former1 regarding the  relative nierit,s of different sites. 



Ref rac t ion . -Le t  the distance between the two stations A and B 
be n feet. 

Le t  the angles of refraction a t  A and R be aA and nB seconds 

re~pectively. 
Let the coefEcients of refraction deduced from the observations a t  

A and B be 7 and q respectively, 
A I3 

1 ooaA 
i.e. 7 =-- approximately. 

A a 
It may be shown (See Appendis P) tha t  the ctirvature of a hori- 

zontal ray of light passing t l~rough air iu which the isothermal layers 

are ~.easonatly horizontal, v:tries as , where T i s  the Fahr. 

dT 
temperature, and h is the height in feet, - being the rate of increase of 

(1 /i 
temperature mith height (usually nega.tive). With ordinary sea-level 
values of temperature and pressure the resulting coefficient of refraction is 

, and local irregularities in i t  are caused by 

fiT 
differences in - 

dli' 
(1 I' 

For example, the normal value of --, undisturbed by the proximity 
(1 h 

of ground or water is 3' F per 1000 feet, i.e.-0.003. This gives 
7 = +0.0t35. But within 20 feet of the ground the gradient is often 
as m:wh as 60' F per 1000 feet, qivinz .rl= -0.222. And over cold 
water thc temperature nlay increase with lie~glit a t  a similar rate, giving 
T)= + 0 . 4  17. Such gratl~ents are in no way unusnal. (See Appendix E). 

If reciprocal angles are observed, a large or small value of q does 
not ia  itself cause error. Error arises i f  i t  is systematically different a t  
opposite ends of the ray. For the angle of refraction a t  one end of the 
ray varies as the integral, mith respect to distance along the ray, of the 
product of the curvature a t  any l)oint with the distance of that  poiut 

from the far end. In sy lnbols, = (curvature) (cc-x) dx. I t  is 
0 

clear that  fl is principally influenced by the conditions obtaining near 
A 

A, and is affected to a much lesser degree by conditions near B. 
The error in I~eight difference arising from the assumption that  

fl =a,. is clearly RA - R,, ) sin 1". T l ~ e  following example 
A 

will serve to s i~ow the kind of' error which will arise in a crossing ~vllich 
is half over sand an11 half ovcr ~ a t ~ e r .  (Sec lilig. 7 ) .  n, = 4000'. Assrime 
the zradient ovor sand to be -3O0F per 1000 feet, and over water 
+ 30D F per 1000 feet. The correspontling curvatures are -0 a00 122 
and + O.OO.526 second9 per foot respectively. 



0 SO00 

(4.001-1 - X )  dx -- + 7 29" 
T h e n  t h e  error will be 2000 x 6 . 5  s in  1"= .063 feet. 
Its sense ~v i l l  be such as  to  malie the  height  of B above A too small .  
I n  practice i t  is not  t o  measure t h e  t e n ~ p e r a t u r e  gradients,  
so to  apply a correction of th is  nature,  and  t h e  above example i s  

only intended to  show t h e  kind of error which m a y  be expectecl under 
unsymmetrical conditions. 

Comparison of different si tes . -Sources  of error m a y  be 
considered undel. two Iread~ngs :- 

( I )  13rror due  to vibible asymmetry ,  such as a pl.e])~ndei-%nCe 
of sand on one bnnli. 'l'he sic11 of this can be deter-  
mined, and  a "Iless can be rnatle a t  i t s  m a g n i t ~ ~ d e .  

( 3 3 )  Casual error, and tlmt tlue to  ~ I ~ C O ~ I ~ ~ ) ~ C I I O I ~ S  a s j n ~ m e f r y ,  
s u c l ~  as a hot wincl I,lo\\-itig off one ba~ll;. A n  es t imate  
of this  error call o111,v be esp~,essecl in t h e  form uf a 
pro l~n l l e  error t l ~ p e n d i ~ ~ g  on t h e  Icngth of tlre ray, a n d  
i t s  hc izht  above t l ~ e  g ~ . o ~ ~ n d  or water. 

Taliin? t h e  second sollrce first, t he  effect of lenqth  m a y  be con- 
siderecl on three hypotheses :-- 

( I )  'l 'l~at t h e  ell-or arises only a t  t h e  banks,  being d u e  t o  
shallow water, wind off t h e  land,  o r  similar  causes. 
I n  th is  case fIA - 11 is independent of length, a n d  

B 
t h e  error in l ieicht  \\.ill vary  directly a s  t h e  length a. 

( 2 )  T h a t  casual irregularities occur th roughou t  t h e  ray. 

fl - R then varies as a' a n d  t h e  he igh t  error varies 
A LI 

3 
R c :  ,TT. 

(8) 'l 'l~nt tliere is a 111~rlieli b u t  r~n~iot.icell asymmetry ,  such 
as one half of t h e  liver being system;ttically a t  a 
t l~fferent  temperature  t o  t h e  oilier. I n  this case 
fZ - fl varlcs a s  n.. I le ight  error varies a s  n2. 

A I) 
Case (2) seenls tlie rnost proba.ble, and also str ikes a mean between 

8 
t he  ot,hers. 'l'he s ta tement  t h a t  the  error will vary a s  ( l e t ~ ~ t l r ) ~  is likely 
t o  be fairly close to t h e  t r n t h .  

T h e  effcct of height is more cIonbtl'111. Three  different hypotheses 
may s g a i r ~  be collsidered, aud t h e  results combined. 

(1) . I t  is reasonable t o  suppose t h a t  the  probable er ror  of a 
eyrnmetr~cal  crossing of a given length  at a certain height will vary 



as the  magnitude of the  temperature gradients generally met  with at 
t h a t  height. 

The  following table is abstracted from Appendix E. 

TABLE I 

On these grounds a crossing a t  3 1  feet might  be considered five 
times as  reliable as one a t  13 feet. 

A similar table cannot be formed with the gratlie~its deduced from 
the observed ref~,actions in the  Ralatvali river c r o s s i ~ ~ g s ,  because a t  a 
certain height above water (perhaps a t  20 feet or 30 feet) the positive 
reverse gradient changes to a normal negative one, g i v ~ n g  a mean of 
zero. Hot tile fallibility of s11c11 a ray is not zero. 

( 2 ) .  Errors being due to chanzes of gradient from place to place, 
i t  may be assumed that  the  probable er1ol.s a t  different Ileights are pro- 
portional to the  variabilitv with t ime of the gradients measurcd a t  a 
single place. Inspection of tile first two columns of Table 18 (AppendixE) 
shows tha t  the  rneasnres at 13 feet vary through a wider range tlian do 
those a t  31 feet. The amount  of variation is conveniently expressed by 
the Standard Deviation or root mean square of the  departures from the 
mean value. 

The  following table is abstracted from Appenclix E. 

.- . - - - -. - - -. - .. - - 

T A B L E  2 

0 0 

0 00 I P 0 

* -- - -- I ) .  _ I - 
Standard Devlntion n t  13 fret in 'B per 1000 f e e l  l i  / 48 

,, ,. 31 feet ,, .. 1 29 1 2,j 20 
I 

-- - - -- - - - - -- - -- -. - -- -- - - - - - - - - 

K I I ~ I ~ J  .. I ... 1 1 1 1 2 - 2  
I 

Uradient at 13 feet in 'F per 1000 feet 1 - Ili - I f +  - 110 - 78 
., .. 31 feet .. ., ,. 1 - l a  

I I - / 3  - - I (  

! Itntio . . . 1 . . .  
I 

.. i 5 . 2  1 4 . 9  

On these yroiincls a c r o s ~ i n g  a t  31 feet might he consitle~.e~l twice 
am reliable as one at 13 feet. 



Table 3 shows the extreme range of variation in the  gradients 
deduced frorn the  different Balamali crossings. As it would be unsatis- 
factory to compare rays which are largely over salld with those which 
are over water, only rays which are predominantly over water beve been 
included. 

T A B L E  3 

I S+.:~tion of / hfrarn beiyht Range of variation R d i o  compared 
o b s e r v a ~ i o ~ ~  OF I.:+ ( fee t  of grad~ents  ( F )  I \%-I t h  H I 

( 3 )  '1'11e range of variation of the I~ourly measures of the  height 
tlifference f'onl~tl in the d~fferent  Hxlawali crossings is also a measure of 
the fall ib~lity of raJs a t  tlifferent heights. The effect of asymmetry is 
got rid of 1)y consitlerinq variatton only, not absolute error. It is neces- 
sary to  redl~ce all the 1.aj.s to a common length by dir iding by a factor 

Table 4 is abstracted from Tables 13 to 1 7  (Appendix D). 

0 1 1  this evitlencc the reliability miqht  be considerrtl to be indepen- 
tlt>t~t oC 1 lie h(11~l1t.  lllle tl:tt,:r arc3 both ~.easoliably full ant1 reasonably 
consistent, ancl ~t is surprisinq tha t  tliey shonltl give s ~ l c h  a result. 

h silnilar table t n a j  be formed with the  rallge of variat.ion of the 
daily means. 



TABLE 5 

DV and E\lr have bee11 esclrlclerl as only two days' observations 
were madc. 

Table ti summarises the previous five tables, and means the  results, 
qivinq each equal \vei:ht. For convenience, the results for 13 feet in 
the  first two tables have been c~mbinecl  with those for 14 feet in the  
others, and attribntecl to  134 feet,. 

i 
Fallibility act* .rding to 

Heiyht -- . \le:~n 
(Icct  ) 

Table d j 'I'nble :3 Table -1. 'I'nt,le 5 I I I-.-- -- - .- 
I , 

5 / R.:4 j 1.16 1.48 1 2 . 0 6  
12 1.6! )  1 1.::3 , ... I 1 .51  
13: 
22 ... I ... 
n I 0 . 2 0  

I 

These results are I~lottetl in Pig.  9. They are well fitted by the 
culsve Fallibility = 2 .9p-'OGh, and it will Iienceforwarcl be assumed 
t h a t  the probable error of a ray varies as e-""'" where h is i ts  average 
heiqht i l l  feet. 

R -.005h - 
'l'hrn tl1r l)robablc error = A  ( I ? P  , where . I  is a constant. 
For drtcbrminin?: ,I the followlnq tlnta arc available. Tlic other 

rays are v i s i h l ~  ~ l n s ~ n i r n e t r ~ c a l .  
Ralawnli ray A X .  T i  a 4 0 '  I ' 5  Errol* .09!)' 1st (lay. 

-073' 2nd day. 
.037' 3rd day. 

Halawali ray C1%. T ~ n q t h  I (  : I ! )  1.0' h '?:!' I ~ : I . I ~ ~ I  0 2  I , '  1st day. 
aO0. i '  2nd (lay. 
.03:3' 3rd day. 

'l'llc ~c.slllting values of A a r e  4 . 3 ,  3 . 2 ,  I - 6 ,  2 - 0 , O .  1 and 2 . 7  x lo-' 
resper t~ vely . 

Mean value of A = 2 .  % x 10-'  

Range of varinbiou 
(feet) 

0 .062 
0.047 
0.028 

RaF 

0 037 
0 ,025  
0,012 

Ratio cnmpnred 
with BY 

1 -48  
1-00 
0.48 

14 

I 

Length 
(feet) 

Mean height 
(feet) 



Fig. 9 
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Average Helght 

-a 0 6 5  h. 
The smooth curve is Fallibility- 2-9e 





This expression is for t h e  probable error of one day's work, obser- 
vations being made a t  several hours. Illcreasing the number of d a y  
does not  decrease this probable error, because i t  consists largely of 
unsuspected systematic error. 

Consider next the  visible asyn~met~ry.  Take a I ay ((, feet long with 
b feet of on one side anil none on the  other. L e t  t h e  temperature 
gradit.llt over the  sand be 6," F per 1000 feet, and t h a t  over the  water 
be 8,' per 1000 feet. SI will generally be neyat.ive and 6, positive. 

l'roceecling as in tlie exainplc l)revior~sly  orl lied out,  we find 
- i n  E r r o r = 2 . r j x I O  b ( n - h ) ( 6 , - 8 , ) f e e t  

= ", 6 x 10-'I' b . ~ .  (6, - 6,) feet, where c is the  distance 
over water. 

The same formnla be usetl when there is sorne sa~ l t l  011 both 
sides, but b feet more on one side than on the other. It will seldom be 
practicable to measure 8, - 8,,  but  Halawali r a p  13Y and DV are typical, 
and a value can he clecluced from them. 6, - 6, depends of coarse on 
the height. As before i t  will be assnrnetl proportional to  P - ' ~ ~ ~ ~ .  

'l'he data  are 
.Balawali ray BY. (6 -1.!)SO . b 1700'. h I-be. c 3280'. Alean error . O W ' .  
Hala\vali ray DV, :33OU'. h 1650'. h 12'. c 14.50'. Mean error ~081'. 
These give 6,-6, = 130" P ant1 360' F respectively for h = 0. 

Mean 203' F, which is equivalent to  105" l' per 1000' a t  10 feet. This 
is not illconsisten t wit11 the results of direct meas~~rement , .  I t  is applicable 
to observations made doring the day while the sun is shining. A prob- 
able error  nus st be assigned to this es t in~at ,~!  of the  systematic error. S S ' ' / ,  
is a reasonable value, since a departnre of 100 '1, would give results 
wliich inay be co t~s ider~d  possible but  improbable. 

The final expression for t h e  tot,al error is then 

2 . 6  h, r.. - . o ~ s L ~ ( ~ ; , )  { 1 + 1- ) 5 2 . 4 . .  -065h feet. 

Combining the two pl.obable errors gives a ~ ~ p r o s i ~ n a . t e l ~  

Error = I B - ' ~  lo-' [5 6.c. + 1 . 7n2 
a - 

a, h ,  c, and // in feet. The sign of the  systematic error is such t h a t  
the Iieiqht pf tlie saudy side above the other appears to be too great.  

Tlie limits oE leuqth between \vhich the Eoril~ula is intended to  
apply are from .t mile to 2 miles: and of height from 4 feet to 35 feet. 

The precise form of this statement gives i t  all appearaiice of esac- 
titude ml~icli i t  in no way possesses. The  s~.stematic errors given by i t  
sl~or~ltl  not qe~~erall! be appl~etl  as n col-rection to obserl-ations. I t  is 
only intentlet1 to scrvc a.; a gnicle ivllen cousidering the effects of lengtll, 
I~cight ,  and auyrnmctry on tlie l~rohat)lc accrlrary of alternative s ~ t e s .  
I f ,  as is sriggestetl Iattar, important crossings are made a t  several sites, 
tllo sites sl~or~lil  be so chosen that  t,l~cl indicated systematic errors, if any, 
should I)e of op1)osite siqn in different rags. 

'I'xl)l~ 7 s l ~ o w ~  t11e rc.r~lt of nlq)lyir~q this f o ~ ~ m n l n  lo t11e Hnla\v~l i  



rays. It will be seen that  the systernatic errors are of the correct order 
cf magnitude, and tha t  the clifferences between observed and calculated 
errors are fairly well represented by the probable errors assigned. The 
crossing a t  Damukdia has been inclurled, the observed error being given 
on the assumption tha t  the water gauge gave the correct result. 

TABLE 7 

sight i t  is best obtainecl by putting the ray entirely over water. Sym- 
metry, of course, not only implies similar surfaces beneath the ray, hut 
also equality of he ig l~ t  above that  surface. This can selclom be fulfillecl 
unless the level be set up a t  the water's edge with the ray passing within 
5 feet of the surface. Height may often he gaiued by go in^ back from 
the water over similar distances of similar surfaces, b i ~ t  this lengthens 
the ray, and also involves the risk that  surfaces which appear fairly 
similar may iu fact have very different ~eadiating powers. 

Table 8 gives some typical valr~es of the probable errors when 
b = O .  i.e when there is an canal crnantitv of sand on either side. Hot11 
sides'milst have the same kihde o i  snrf&e and be of similar  height.^. 

! Length 

feet  

T A B L E  8. Probrible errors in ,f ief. 

I E 2; Excesr 
,: , ! of sand 

Bj~lawnli A X  
BY 
C Z  
D V  

I I I I I I 

t Ihr  fnl.rnllla gives s p.e. of l e ~ f l  that) .01. Ot,her sol~l ' f 'e~  of el'rol' \ \ ' 1 1 1  

probably v ~ t ~ a t e  this t.eonlt 

I - 1 Mean 1 5 .  A ;  ~ s i ~ l l d  Observed Errors observed: B L 
b;,.,.~!. 2 G 

4650 
1990 
5940 
3300 

+ 

4 + '0" f'O" 

3 I 
I f e c t  I feet, 

'03f .02  
. . .  i + .i)7 '! 4. . lo* . 0 4  

1 

* Ray EMr has been computed on two assumptions. (1) That  
standing crops resemble water. And ( 2 )  That they resemble sand. 
Neither assumption is definitely contraclicted by the observations. 

The import,ance of symmetry is very great, as its abseuce destroys 
the chance of imnroved accliracv from reneated observations. .4t first 

1630 
3280 
2840 
1450 

feet I 
I feet. ! feet 

I 
0 i 5 1700 / 14 

700 , B Y  
1830 i 12 

I 
+.O!l0+.073+.0:i71 c . 0 7  
+ . 0 6 1 + ~ 1 0 X + . 1 0 0 ~  + . O Y  
+ ~ 0 2 4 + ~ 0 0 5 + ~ 0 3 3 ~ + . 0 2  
+ - 0 S l +  .081 1 + .08 

.00&.05 
+ . 1 1 & . 0 5  
+ .og* .o3  
+ . O G f  .03 



Tables 9, 10 and 11 give some typical values for  unsymmetrical 
sites, in which there is no sand on one side and b feet on the other, 
such as Balawali ray BY. c is the  width of water. T h e  tota l  
length = c + b. 

T A B L E  9. c = 2 5 0 0  feet. 

* See n0t.e to 'Table 8. 

T A B L E  1.0. c= 5000 fee l .  

T A B L E  11. c=7500  ,feet. 

20 

0 0 +  .01 
.02 f -01 
.03 -1: .02 
.07 f -03 

10 

0 0 &  .02 
-03 f .02 
.06 & .03 
. I3  .U6 

Average height 

Excess of sand 

30 

0 3 %  * 
.01 i ~ 0 1  
.02 f .01 
.03 f -02 

0 
500 

1000 
2000 

30 

0 0 1  01 
.02f .02  
.0'3*.02 
.07f .03  

W a t e r - g a u g e s . - T h e  water-gauge is independent of refraction, 
but  its use involves other difficulties, notably wind and current. There 
ere, however, generally horirs of the  day during which the air is absolu- 
tcly still, and in a slow moving river a snitfable choice of site should 
britig the cffects of the  current down to  small l imib .  Lit,tle confidence 
m i g l ~ t  ~xr 'haps  he placed in matcr gauge observat.ions a t  a single site, 
bu t  if accorclant results were obtainerl from different sites some miles 
apart,, some sites erring from perfection in one direction and some in 
another, the res~llts inight be considered reliable. 

0 0 f  .02 
.05 * a03 
.09 f a 0 5  
-18 f .08 

\ ' .. Average height 
feet 

b = .. 
Excess of sand -. . 

0 
500 

1000 
2000 
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-36f .16  

10 
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001 .04  
. 0 6 f 0 6  
-13k .07  
.26f . l : !  

30 

OOi~OP 
. 0 3 f . 0 3  
.05&.03 
.10f 05 

\era;;eyight 

b = 
Excess of sand \ 
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2000 
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OOk.02 
.03*.03 
. 07 f  .04 
. 1 3 f . 0 6  

20 

OOk.04 
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. io&.n6 
.20&.09 
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O O * . l l  
.13&.13 
.27*.17 
.54*.24 

10 

OOh.08 
.10&.10 
. 1 9 & 1 2  
.39**17 



Three methods were used a t  Damukdia (Prof .  Paper 7 )  with the 
following results. 

lllethod Heiyht diflerence 
Vertical Angles 2 . 1 3 9  feet. 
Target  2.132 I I 

Water-gange 2 .212  ,, 
From the  poiut of view of refraction the crossing was baclly 

unsymmetrical ( F i g .  6 ) .  The  first two methods are both burdened 
with similar error due to  this cause, ancl their agreement has no signi- 
ficance. Table 7 inclicates t h a t  the  water-gauge has given the best 
result. 

The  follo\ving tliscussion of the effects of the current is not made 
iu the hope of being able to apply an aec~irale correction to the  results 
obtained a t  an imperfect site, bu t  of il~clicating the magnitude and 
clirection of the  errors which 111ay occiir. 

( 1). T h e  crossing must be made a t  right angles to the  current. 
More precisely, a line passing tlirough one gauge and crossing tlie river 
orthogonally to  tlie cnrrent a t  every point, must pass close to  the  other 
gaiige I f  tlre fall of the  river be ti inches per mile, ant1 if i t  is hoped 
to  avoid an error of more than *OZ feet (a  high standard of accuracy), 
the  gauges m ~ i s t  be correctly placed to witlrin 200'. The worst source 
of error woilld be n slioal i ~ r  midstream, with the  water flowing trans- 
versely across i t .  Any site in which tlie water shallo\vs in the centre 
should be avoided. 'llhis condition mas not satisfied in the  crossinq of 
the  Indiis a t  Dera Ismail Khan in 1!)06, referretl to in G.T.S. Vol. 
XLX. Appendix V. A for tniqht  after the crossing had been made, 
t h e  river, having fallen, hat1 clivicled into seve~sal separate channels. 

(2). T h e  lines of How must be s t ra iqht  to avoid piling up on the 
outer side. Consider a bend of the  river in which the average radius 
of curvature is It miles. Considerin? the  horizontal forces on small 
cube of sicle 68, moving with radius of curvature r ,  we have 

vY 

6p (68)'=- m (69)" where 1: is the  velocity, rn is the mass of 
1' 

unit volume and p is the  pressure. 
Also 6p= m g Sh, where h is the height of the  water surface. 

..= 

As an  approximation replace L; and r by their average values. Le t  
H be differeuce in height between the inner and outer margins of the 
river. 

?)? 
Then H=- x (width of river) 

u r 
.I 

For example, if v = 3 feet per seconcl, and r = 4 miles, and the 
width = 1 mile, H = ,070 feet. 

On large, slow moving rivers there should be no dificulty in find 
ing sites more favourable than this. 

(3).  The  velocity of the water passing the two gauges must  be 
equal I n  elernen tary llydrody r~amics the loss of lieacl associat,ed with 



v ? 
a velocity of z. is - . It may be doubted whether such elementary con- 

' 0  

siderations can be applied to  the water of a river in n.liich friction may 
be a more dominant factor than is the conservation of free energy, b u t  
it is unnrise to run any risk. If thc velocity a t  one gauge be r,, and a t  

1 
0 ,  

the other o,, tlie error will be ( u -  1 .  I f  , = 3 feet per second 
Ln 
.I 

v, = 1, the error mill apparently be .1:25 feet, a serio~is matter.  
safe rule \vonld be to erect the  gauges in water tvith a ve1ocit.v of less 
tlrau 1 foot per second. 

The f o l l o m i ~ ~ g  is a summary of t,lle requirements of a good sit,e for 
a 11-ater-gauge crossing, 

(1) There must be no central shallo\vs. 
(8) '['he velocity mrist be small. I f  the  current anywhere 

exceeds 5 feet per second, water-garlges are  probably not 
worth tryin:. Errors are likely to iocrea.se as the  sclnarc 
of the velocity. 

(8) The current most be st,raigIit. A narrow river may be 
allo\ved a smaller radius of curvature than a wide one. 

(4.) 'I1he air m~ist ,  bc et,ill. 
( 5  A narrow crossir~g is of course desirable, but not a t  the 

rspenw of a Iligh ve1ocit.y. l3r1.ors are only likel!- to  
increasc as tlie li~sst power of the nridth. 

( G )  The correction for the Earth's rotation (See Appendix G) 
nlust not be anclul!~ large. 

'Che reasons given in G.'L'.S. Vol. X I X  ~ l p p e n d i s  V for preferr- 
ing "Vertical Lingles" to Water-gauges seen1 inconclusive. Of' the  
three examples quoted there, the L)nnlukclia result is favourable to tlie 
water-gauge. 'L1he Indos crossing was a bad site, as mentioned above. 
On the Chengb the current seems tjo have bcen fast,, since pools had to  
be ~ I n g  in the sand to ge t  a , n  n n ~ ~ g i t ~ a t ~ e d  water surface. For such a 
narronr crossing (12 chains) tlie ortlinary mct,l~o(l of crossing n~oulcl of 
course always be preferable. Seo also G.T.S. Vol. X I X  pages 83 and 
89. 

No expcri~nents were m:~de a t  Balamali as the river was too low, 
and long crossings co~ild onll- bc  got  along length of the  river. 

The Micrometer eye-piece levels.-'llhe two levels which 
have been fitt,etl are A m e ~ i c a n  Hinocnlar Nos. 2G08 and 6728. A t  
infinite focus the va111es of n micrometer division avcrage 1-26" and 
1 .30" respectively. (See Appentlis C). The general arrangements for 
sinrultaneons reciprocal ohsvrv~tions arc as follo\vs. 

Tlie levels are set tip on eit,Iier sitlc of t,he river a t  appro xi mat el^ equal 
heights above t l ~ e  water, a,nd eqnitlistant from terminal bcnc11-marks on 
cil,l~er bank (About Y cl~ains) .  Alnking these bacli rays equal eliminates 
t l ~ e  necessity for applying any co~*rcct,ion for enrt,h's curvature to them. 
Observations are matlo to !)-inch t-.nrgets, paintetl diagonally black and 
white, fitt,cd round the ol?jcct plasscs of the t\vo levels. A staff is p u t  
111) on each terminal R.37. I t  is of course necessary t h a t  these staves 
should Lc the  same ones as are placed 011 the bench-marks when 



connecting them to  the  level lines, or else t h a t  suitable corrections for 
zero error be applied. 

O n  each bank collimating staves are se t  up a t  half a chain and 
23 chains respectively from the station. An auxiliary collimating 
station is placed half may between these two staves. Collimating is 
clone by the  usual two-staff method, except t h a t  the horizontal wire 
heing a moveable one, there is no need t o  acljust the  spirit level or 
cliapliragm, the  result of collimating being to  give the  micrometer 
reailiug which brings the  horizontal wire to the  position of no collima- 
tion. A fixed wire, ou t  of the  way in t h e  bottom of the  field of view, 
serves as  a zero from which to measure whole turns of the  micrometer 
head. 

T h e  procedure a t  a station is :- 

(1) Collimate, finishing on the  station which is uneqllally 
placed between t h e  staves. The  readings must  be 
properly recorded on a form provided for the  purpose. 

( 2 )  Set  t h e  micrometer to  the  last recorded position of no 
collirnation error, and read the  back staff. 

(3) Put  u p  signal flag. 
(4) When both observers' signal flags are up, commence 

making intersections or, the t a rge t  on the  opposite 
level. When  10 are complete strike the  flag, biit 
continue observing until both flags are down. 

(5) Repeat every hour, including t h e  collimation observation. 
Then the difference between the micrometer reading OF the line 

of no collimation, and the mean reading of the  target  (converted into 
arc), is the  elevation or depression. Heights of instrument are given 
by the back staff readings, ancl the  difference in the  heights of tlie 
bench-marks is compntecl as for ordinary recipl-ocal vertical angles 
observed with a theodolite. Better uniformity of reeults will generally 
be ob ta~ned  by using the daily mean value of the  collimation, instearl 
of the hourly values. 

No  advantage comes from making a great number of observations. 
Except when the air is very unsteady, a s ~ n g l e  intersection of a good 
mark is as reliable as a single determination of collimation. or as tllc 
equality of the  angles of refraction. B u t  as  micrometer intersections 
are so easy to make, it seems desirable to  make about ten a t  a time, and 
YO to eliminate any  unnecessary error caused by bad intersection. Nor 
is there much profit in observinq more than once an hour. I t  is also not 
essential tha t  the observations be simultaneous to within less than a 
few minutes ; but exact coinciclence is easy to obtain. 

Collimation is carrietl out as Follows, the  observations being re- 
corded as in Fig.  10. 

( 1 )  Set  tip half way between the staves. 

( 2 )  Set  the  micrometer to any  convenient reading near the 
position of no collimation. This sett inq slloulcl be 
varied each time, keeping if possible w i t h ~ n  ten divi- 
sions of the true position. 



Fig. 10 

Date \7.3 . I 7  instrument 6 7 2 8  Obeerver 8 . L . q .  

Dlstance between Staves 3 C k a t d  

Fig. 1 1  

q 8 0 0 

q 8 0-7 

+--- Micro 

+--Corrected 





(3) Head the staves. Under "Near" record the reading of 
the  staff towards which the  level is afterwards going t o  
be moved. 

(4,) Set  up again so t h a t  the distances of t h e  staves are  as 
5 to  1.  Read the  near staff first and then the far.  U p  
to  this point the micrometer must  not have been turned. 

(5) .  On the form add 514 of t,he change of height difference 
to the  last reading on the far  staff. Intersect this 
reading by turning the  micrometer head, and record the 
~nicrometer reading. This is the ~ o s i t i o n  of no colli- 
mation. It should occasionally be checked by reading 
the  near staff with the  new setting, and seeing t h a t  the 
height difference then arrived a t  agrees with t h a t  found 
a t  equal distances. This  does not give increased accu- 
racy, but  is a check against the  correction having been 
applied with the wrong sign. It is important t h a t  the 
staves sl~ould remain t'ruly vertical. As they are  stand- 
ing  all day, this is a p t  to be overlooked, and may cause 
a systematic error. 

Collimation is the most unsatisfactory par t  of the observation. A 
single measure cannot be trusted to  be correct within less than 3 or 4 
seconds. Frequent repetition of t,he process is necessary, and this is 
very troublesome. There is also the  possibility of systematic change of 
collimation with change of focus, (altliougli, if truly systematic, this is 
overcome by iu te rc l i ang in~  instruments ) and of error due to  the  fact  
tha t  the two-staff method involves rays of unequal length, and so of 
unequal refraction. It seems unlikely t h a t  the  mean of any reasonable 
number of nieasures of collimation error a t  a single place can be trusted 
to be correct ~vi thin  less than 1 second. -4s this is only .03 feet. at. a 
distance of one mile, i t  is not extremely serious. 

I t  is obviously desirable to interchange levels from one side of the  
river to the other every clay, and this shonlcl be done, bu t  i t  is no com- 
plete remedy, as coilimation is not snfficientlj constant. ( See Appendix 
B ). Certain accuracy can be obtained by Gauss' methocl, bu t  a t  t,he 
expense of simplicity. A nlicrometer eye-piece might  be fitted to  a 
reversible level, b a t  none of t , l~e old reversible levels has the accuracy or 
convenience of the American Binocular. T l ~ c  large pattern Zeiss level is 
in many ways suitJable, but  it cannot immediately be fitted. The  existing 
cross wires are on the illside faces of the two object glasses, and the range 
of focus is insnficient to bring the image of the target to  a position 
where a moving wire can ~onvenient~ly be placed. This can probably he 
overcome by fixing an auxiliary lens over the  existing object glass. 
The only requirement with regard to the fixing of this lens and of the  
eye-piece, is that tfIlcy should not m o w  with reference to  the  rest of the  
telescope, when the telescope is rotated t , l~rough 160' about its longi- 
t ~ ~ t l i n a l  axis. It is not essential tha t  they should always return to  the  
same position after being interchanged. 

The procedure with such a level would be as follows. The eye- 
piece must a1wa.y~ be put  on in such a position t h a t  increasing 



nlicrometer readings corl.esponcl to increasing elevations when the bubble 
is ( say ) on the  r ight  of the  telescope. Thts can be ensured mechani- 
cally. No  separate measures of t,he position of no collimatiorl are 
required, but the  reciprocal observations shoulcl be made in all four 
positions. Three intersections wit11 tile micrometer \vou]d suffice i n  
each position: total  12. 
, , (St1111 of 2111 bul.)ble ~. ioht  ~.endiuvs) - (Rum of all buoble l e f t  readinps) lhen Elevation = "-- 

12 
cortverted into arc. 

For reading 6lie back staff the l~osition of no collimation is required. 
For any of t,lie four positions this m a 1  be obtained by immediately com- 
put,ing the  elevation as  above ( espressed in micrometer clivisions ) arid 
subtracting i t  from t h e  mean micrometer reading of the  target  n~llen 
intersected in the  reqaired position. T l ~ e  reading of the  back staff 
must therefore be postponed until after the t a rge t  has been read. 

Other  means of ntilising the Zeiss level are nnder consicleration. 
I f  they mature, the  observation will differ in detail from the above, bllt 
mill be similar in princiljle. 

If a site can be found in the  middle of the  river, i t  s~lffices to  set. 
up one level there, with ecloidistaut staves ou either bank. Collimation 
error need not then be accurately determinecl, and t l ~ e  assumption t h a t  
the  two angles of refraction a t  t,lie centre station are equal, is a t  least as 
good as the usual assn~npt ion of their equality a t  either bank. Such a 
a ray will necessarily he very close to  the  water. 

Recommendations for future w o r k . - T w o  classes of work 
require separate consiclerntion. 

( 1 )  Lines of t,he primary level net, in nrliich an error of 
. I 0 0  foot is e ~ t r e n i e l ~  nudceirable. 

(2) Work of lesser ~ C C I I ~ R C ~  in 1vl1ic11 a11 occasional error of 
this size is not serions. 

For t1t.e bat ter ,  crossing by simultaneous observations \vitli American 
Binocular l e ~ e l s  (or Zeiss if t,hey can be fitted sat~isfactorilj) fitted wit11 
micrometer eye-pieces is recomnientlecl. Tlic procedure to  be as described 
above, ancl observations to he made on one, or at  most two days onla-. 
Observations sl~ooltl be rarrietl on t l ~ r o u g l ~ o n t  the day. There is no 
special advantage in the normal times of m i l i i ~ ~ i u n ~  rcfract,ion, A strong 
win{l or clouds are fnvonl.nble, \,ring inc.ontl~~ci\:c to the  forming of 
large tempel-atnre gradients. As a pt~ccar~tiorl against gross error in 
tletermining the collirnation, or or  s!.<tcmatic change of collimation 
with change of foc~is,  it is esseut'ial t l ~ a t  the  levels c l~ange  side8 a t  
least once. If observations last t,wo ~ l : ~ y s ,  this is not much trouble. If 
the!. last one day only it mill waste a, coul,lc of 11o11rs in the mi~ldle  
oE the tlay. Neverthcless it shor~ltl I)e rlonc. 

The erl:lipment require(1, in additmion to that  carried b~ 
t,wo levellers is :- 

( I )  The  two levels ant1 tarqcts.  
(2 )  Two extra staves. (1Inless Zeiss levels arc nsed). 
(3 )  A plane-table wit11 s ight  r ~ t l ~ ,  etc., with wl~ich to  ma.kr a 

ro11g11 measnre of l l ~ e  distance. 
(4) Two flags for signalling. 



Observatory t en t s  and concrete bench-marks are not necessary, and 
one day should suffice for all  preparations. 

Unless i t  is possible for the  Officer in charge of t h e  par ty  to  select 
the site himself, i t  is suggested as a working rule, t h a t  for crossings 
between half a mile and 1 nlile wide the  stations should be p u t  a t  the  
water's edge, unless a t  least one foot of height is gained for every chain 
by which the further station is distant. Prom the water. (See Tables 
8, 9, I ,  1 )  Elor narrower rivers a greater increase of height per chain 
shonld be required ; for very wide rivers, less. 

The difference between the heights of the  stations should not 
exceed two feet, and if close to the  \\later i t  should be less than six inches. 

For short  crossings ( s a y  under Iialf a mile),  in work of low 
accuracy i t  may be l)oss~ble for one observer to  nlalie the  crossing. For 
ra jswit l i in  10' of tlie water the  coefficient of refract,ion should be taken 
as 0 . 3 ,  and for higher ra1s 0 .  I .  'llhe pobab le  error of this assumed 
coeflicient may be taken to  be 0 . 2  in tlie first case, and 0 . 1  in the  
second. The  resulting probable errors of the  difference of height are 

l3  x 0 . 3  feet fur rays nrit.11i11 I0 feet of the  water, 
I? x 0.15 feet for rays more t,hau I0 feet above the  water, 

where I is t . 1 ~  length in miles. 
I t  is of course for errors of three times this amount  t o  

OCClir. 
E'or t l ~ c  yrivtccr,y 1lct.-'llhere ai-e not ~ n a n y  ~uibr idged river cross- 

ings in the net, ancl i t  will be proper to go  to solile expense to 
cross them; i t  is suggestecl tha t  s o ~ n c  or all of the following recommen- 
dations be acted on. 

(1) Tha t  levels with lliicro~neter ege-pieces be used. Procedure 
as above. Tlie levels to change sides daily. I f  it is 
not practicable to change sides, and if an irreversible 
instrument is used, colli~natioii iilust be done by Gauss' 
method, on account of the  risk of change of collima- 
tion with change of focus. 

( 2 )  That  crossings be made a t  a ~ ~ u n l b e r  of sites covering 
some miles of the banks. No  elaborat,e preparations 
should be made a t  each site. One day's work should 
be done a t  eacli, ancl not more t,han one day should be 
wasted between eacli. 

(3) I f  suitable sites can be found, aud if high level crossings 
are not available, the level inay be set up in the  middle 
of the river as  referred to above. A very firm base is 
not required. It is only necessary t h a t  the  level should 
be steady nrl~ile the  observer is s i t t ing still, and t h a t  i t  
shoold  rot cliauge hcigllt by Inore than half an  inch 
whilr he cl~a~njies i'l-0111 onc side of i t  to  tlie other. 

By rlsillg thrce levcls in sncli a case an increase of accuracy 
can be obtainetl, ear11 half of thc river being crossed by 
reciproral angles as in Fig.  8. Tlie centre observer 
works with each of the  other two in turn. It is not  



necessary to measure the height of his i~lstrument on a 
back staff, and if the rays are equal his collimation error 
is immaterial. 

If the crossing is more than 14 miles wide every endeavour 
should be made to do this, even to the extent of sinking 
a wooden frame full of stones in shallow water. Such 
a crossing is twice as good as a simple crossing a t  
water level. 

(4) Sites just below river junctions should be avoided, aa a 
precaution against systematic differences of water t.em- 
perature on either side. 

(5) The whole of the observations should not be made when 
a prevalent wind is blowing from one side to the other. 
The observations of any one day may be so done, but  
not the whole of the work. 

(6)  Increased heieht may perhaps be obtained artificially by 
staging, as IS done in triangulation. But i t  is probable 
tha t  the necessary preparations would lead to an ex- 
penditure of time, which woulcl have been better spent 
on making more numerous crossings. 

(7) Water-gauges should also be used in several well separated 
sites if possible; if the conditions are suitable i t  is 
possible that  they would give more consistent results 
than the levels. The observations might perhaps be 
made on the samc days as the other crossings, so avoid- 
ing waste of time. 



APPENDIX A 

A SOUIlCE O F  ERROR I N  T H E  TWO-STAFF M E T H O D  
OF COLLIMATING 

See Fig. 11 facing page 14. This is caused by the fact that  when 
the level is set up in the unequal distance position, earth's curvature 
is not cancelled. There is additional indeterminate error due to refraction 
being unequal. 

Suppose the zeros of the two staves to be a t  equal heights, and 
suppose the trial position of the horizontal wire to be correct. The 
height difference recorded when the level is set up a t  A will be zero. That  
recorded a t  B will not be zero, in spite of the absence of collimation 
error, because a t  B the bubble does not lie parallel to  its position a t  A. 

Agreement can only be got by introducing a collimation error +, 
CB 

such that EF = GH, i.e. + + 8 = - ($ - 8), where 6 is the angle BI) 
subtended by A B  a t  the earth's centre. 

i.e. $ = 
CB + BD CD 
CB - BD 

8 = - B = half angular value of CD. 
2AB 

Example. If CD = 6 chains, = 2 seconds. I t s  direction is 
such that  staff readings are too lorn. 

For ordinary levelling this is of no consequence. For river cross- 
ings i t  may be neglected, provided i t  is the same in both instruments 
employed, i.e. provided they are both collimated with staves placed 
s im~lar  distances apart. The error due to unequal refraction will generally 
be much less. Except in the early morning i t  should seldom be more 
then one fifth as much. 

APPENDIX B 

THE CONSTANCY O F  COLLIMATION ERROR"IN L E V E L S  

2698 & 6728 

See also Levelling Hand-book 1920, page 10. 

Table 12 shows the measures made of collimation in the two levels 
between 3rd February 1927 and 18th March 1927. [!oubtful values 



have been excluded, but any single one may be 3" or 4' in error. 
When several measures have been made during one day, they have been 
a t  about hourly intervals. A change of 3" or 4" in the daily mean 
may be considered to be an actual change in the position of the line of 
collimation. 

The sudden changes are probably due to movement of the 
object glass. 

TABLE 22 

Poeition of Line of Collimation 
Seconds, from an arbitrary zero 

Continued on next page. 

Date end Place 

3-2-27 
Debra Diin ... 

4-2-27 
Dehra Diin ... 

6-2-27 
Dehra D i n  ... 

7-a-27 
Dehra Diin ... 

1-3-27 
Dehra D i n  ... 

2 . ~ 1 7  
Dehra Diin ... 

12-3-47 
Bnlswnli .. 

18-3-27 
Rdawrli ... 

REM ABKa 

2698 6728 

Single 
Measures 

Single 
Meaeurea 

- 1.7 
+ 1 8  
- 11.6 
- 9.3 

-11.6 

Mean 

- 6.0 
+ 7.6 - 2 .2  
- 8.7 

M~~~ 

) Orno 

1 -10.4 

1 

I 
0 . 0  

-11.6 ) - 3 .9  - 3 .7  ] - 3 - 8  

+ 3.0 

- 9.1 
-18.1 
- 17.4 

-24.9 
- 1 7 . 4  
-21.4 
-16.2 
9 
- 34.7 
-38.8 

- 2 8 . 9  

+ 1 . 8  
+ 9.4 -26.6 

+ a.0 
+ 11 - 7  

Unexpl~ined change in 
2688 

1 

- 0.8 

+ 4.4 
- 3 2 . 1  

] - 1 7 . 8  

1 
I 
} -21.0 

j 
] 

7 

) 

7 

Railwsy journey 

Unexplained change in 
6728 

+ 4.6 



TABLE 12 (Continrced) 

Position of Line of Collimation 
Seconds, from an arbitrary zero 

2698 6728 

 REMARK^ Date and Place 

la-3-a7 

Single Single 
Measures M~~~ 

-26 .6  + 1 0 . 4  7 
Belawali 

16-3-27 
Balaw~li ... 

17-3-27 

-26 .3  

-,,., 
Unexplained change in 

-30.1  

-67.4  

+ 5 .6  
+ 7.9  
+ 1 .6  
+ 2 .8  
t 8.6 

+ 11.3 
+ 7.8  
+ 6 . 4  
+ 4 . 7  

Bslswali 
+ 13.3 -67-0  
+ 1 .6  
+ 2.8 1 -62'7 

i + 6.7  

i 
J 

+ 7 . 0  i 

18-3-27 
Balnwali 

Unexplained change in 
+ 9 .1  6728 
+ 7 . 0  

1 

I 
1 - 6 9 . 2  

1 , 
J 

0 . 0  

- 0.4 

+ 10.7 6728 changed no the re- 
snlt of a fall 

Unexplained cheuge in 
2698 -78 .9  

-69'0 

-78 .9  
-71 .9  



APPENDIX C 

AN 1RREGULARITY I N  T H E  MICROMETERS OF LEVELS 
2698 & 6728 

mThell the value of one division of the eye-piece micrometers of 
these levels was being determined, its value was found to be irregular. 
The irregularity is periodic, the period being one turn of the micrometer 
head. The amplitude (semi range) is 0.9" in 2698, and 1.2" in 6728. 
This is shown graphically in Figs. 1 2  and 13. I n  these figures the 
abscisssc are micrometer readings (one full turn = 100 divisions), and 
the ordinates are the difference between the actual corresponding angles 
of elevation, and those given by the best linear relationship. viz :- 
1 division = 1.265'' for 2698, and 1 clivision = 1.305" for 6728. 

APPENDIX D 

D E T A I L E D  RESULTS O F  T H E  BALAWALI  CROSSINGS 

Tables 13, 14, 15, 1 6  and 17 give the following details:- 

( 1 ) The error. i.e. the error in height difference arising from 
the assumption that  the angles of refraction a t  either 
end are equal. 

( 2 ) The coefficients of refraction deduced from the angles of 
loon, 

refraction a t  either end, e.g. q~ = - 4650 

( 3 ) The average air temperature gradients deduced from these 
coefficients of refraction by the formula 

where the gradient is a°F per 1000 feet (N .  B. S posi- 
tive indicates temperature increasing with height ). 

Inspection of the column "error" might a t  first sight make it 
appear tha t  the normal time of minimum refraction is the most favour- 
able for river crossings. Rut  i t  so happened that  a strong wind often 
sprang up a t  about 11 a ,  rn. and the improvement is believed to be due 
to this. 



L e v e l  No. 2698 

Seconds 
Perlodlc lrregularlty of Micrometer Screw 

+ 2.0  1 

Level No. 6 7 2 8  

Beconds 

1.0-  

0 

400 Micrometer Readings 

1.0. 

2.0  

Hel io .  S. I 0 O e h r a  D*. 





TABLE 13 
Ray A X  

8* 

OF per 
1000' 

+ 46 
+ 24 
+ 28 
+ 21 
+ 45 
+ 44 

+ 19 
+ 30 
+ 39 
+ 95 
+ 204 
+ 132 
+ 105 
+ 76 

- 41 
- 01 
+ 35 
+ 49 
+ 74 
+ 83 
+ 81 
+ 101 

245 

ax 
OF per 
1000' 

- 21 
- 05 
+ 01 
+ 28 
-- 03 
- 01 

+ 18 
+ 31 
+ 16 

' +  98 
+ 144 
+ 116 
+ 31 
+ 42 

- 28 - 06 
+ 09 
+ 27 
+ 60 
+ 67 
+ 82 
+ 77 

172 

Remark8 

Still 
I I 

Light wind 
l q  

I. 

Very light wind 
I I 

I I  

~ i ~ h t  wind 
11 

19 

1, 

6till 
Light wind 

I 9  

wi'na 
Strong wind 

I ,  

Date find 
Time 

19-3-47 

8 32 
10 01 
10 54 
la a1 
13 43 
14 58 

Mean 

13-3-37 

8 16 
9 08 
10 03 
10 55 
11 48 
13 09 
13 67 
14 66 

Mean 

14-3-27 

8 06 
8 57 
9 45 
10 34 
11 21 
12 14 
13 38 
14 49 

M een 

Range of v~riation of BA and ix 

"A 

+ -353 
+ ~233 
+ -253 
+ .218 
+ ,344 
+ ,338 

+ ,207 
+ a264 
+ ~312 
+ a617 
+la204 
+ ,815 
+ -669 
+ a610 

- .I20 
+ .098 
+ .294 
+ .365 
+ .603 
+ .654 
+ .643 
+ ,660 

Error 
feet 

+ -190 
+a084 
+ -077 - -018 
+a134 
+ -125 
+ ,099 

I 

+ .004 
+so66 
-.007 
+a169 
+ .045 
+ ~ 2 1 1  
+ .OD6 
+.073 

- a089 
+ -014 
+a075 
+ .063 
+ . m a  
+ .077 
-.OP9 
+ .068 

+ .0a7 

"X 

- -009 
+.073 
+ -107 
+ .252 
+.089 
+ -099 

+ -200 
+a270 
+a187 
+a631 
+st381 
+ -730 
+ -268 
+ ,329 

- .048 
+ ,069 
+.I50 
+ .246 
+.373 
+ -409 
+.698 
+ ,620 



S4 

Ray BY 
TABLE 14 

Range of variation of 8 and 1 
B Y 

"B 

... 
+ ~ 2 5 8  
+ a259 
+ .224 
+ . a l e  
+ .182 

+ -170 
+ -320 
+ -319 
+ -260 
+ 0347 
+ -322 
+ . 2 1 a  
+ ,179 

+ -197 
+ .I66 
+ -130 
+ -116 
+ -081 
+ a026 
+ . 0 3 4  
+ ,066 

+ ,165 
+ a047 
+ -061 
+ ,056 
+ -066 

Date end 
Time 

13-3-27 

9 23 
10 26 
11 51 
12 52 

Error 
feet 

... 
+. I14  
+a051 
+.085 
+ . o n  

"Y 

+%69 
+ . I 7 5  
+a083 
+ - l o 1  
+ -207 

+ .228 
+ .1?1 
+ # 1 7 0  
+ . I43  
+ -128 
+.056 
-.084 
- * I 2 4  

+.027 
-so28 
- ' l o1  
- ' I39  
-a224 
+ moo5 
+a020 
-a080 

1B 

"F per 
1 0 0 ~ '  

.. . 
+ 29 
+ 29 
+ 21 
+ 21 
+ 15 

+ 12 
+ 40 
+ 40 
+ 29 
+ 45 
+ 41 
+ 20 
+ 14 

+ 17 
+ 12 
+ 05 
+ 02 - 04 
- 14 
- l a  
- 09 

+ 15 - 10 
- 10 - 09 
- 07 

6 
Y 

OF per 
100C)' 

- " 0 6  
+ 13 
- 04 

00 
+ 19 

+ 23 
+ 13 
+ l a  
+ 07 
+ 05 
+ 09 - 35 - 42 

- 14 
- 24 
- 38 
- 45 
- 60 
- 18 - 16 
- 34 

Remarks 

6l'iil 
Light wind 

9 B 

18 

I I 

Very light wind 
~1 

~ i ~ h / ' w i n d  
11 

,, 
, I 
18 

Still 
Light wind 

II 

wynd 
Btrong wind 

9 

B 

16 28 -.015 

iMean 
l4 24 I + ,061 

13-3-27 

8 41 
9 36 

10 ao 
1 1  19  
12 17 
13 35 
14  28 
15 21 

Mean 

14-9-27 

8 93 
9 19 

10 07 
11 00 
11 47 
12 4 1  
14 15 
15 18 

Mean 

15-3-27 

10 49 
12 01 
13 06 
I4 05 
14 58 

-.035 
+ .090 
+.oag 
+so70 
+ -132 
+.161 
+.178 
+ . I 8 2  

+ . lo8 

+ - l o 2  
+a117 
+ . I39  
+a153 
+ ,184 
+ -012 
+ . o m  
+ - 0 8 2  

+ .1!?0 



t 5 

TABLE 15 

Etemarks 

Still 

~ i ~ h L ) w i n d  
I 

1) 

Verylightwind 
I 

~ i ~ h i ' w i n d  
1 9  

# t  

1 

II 

Still 
Light wind 

w & d  
Strong wind 

1 9  

t @ 

I #  

Range of variation of lc and Sz 

ac 
O F  per 

1000' 

+ 07 
+ 05 
- 11 
- 11 
- 14 
- 05 

+ 05 
+ 14 
+ 18 
- 08 
- 06 
+ 03 
+ 08 
- 09 

+ 08 - 13 
- 18 
- 16 
- 14 
- 11 
- 15 
- 13 

'Iz 

+ -098 
+a068 
+a081 
+.OW 
-.008 
-.026 

+a264 
+ . I74  
+ . i66 
+ . I58  
+ .128 
+.082 
-so39 
-a022 

-a009 
-.032 
+.OM 
- -105 
- . l o4  
+.I79 - -004 
- ,113 

62 
OF per 
1000' 

- 01 - 06 
- 04 - 05 - 20 
- 24 

+ 30 
+ 13 
+ 12 
+ 10 
+ 05 
- 04 
- 12 
- 15 

- 21 
- 25 
- 12 
- 38 
- 38 
+ 14 
- ao 
- 40 

'Ic 

+ ,140 
+ e l 2 9  
+ -044 
+ . 0 4 4  
+ ,027 
+ ,076 

+ .I29 
+ a178 
+ -200 
+ a062 
+ a070 
+ el18 
+ ,145 
+ ,064 

+ ,146 
+ '033 
+ a 0 0 8  
- -017 
- .028 
- . 0 4 1  
+ 4 2 2  
+ ,035 

Date and 
Timo 

12-3-27 

9 41 
10 37 
12 01 
13  03 
14 44 
16 40 

Mean 

13-3-27 

8 54 
9 48 

10 43 
11 32 
12 28 
13 46 
14 41 
16 32 

Mean 

14-9-27 

0 45 
9 29 

10 20 
11 07 
11 67 
12 52 
14 36 
16 as 

Yean 

36 

Error 
feet 

+ -036 
+.052 
-.031 
-so28 
+.030 
+ so88 

+ -024 

-.I15 
+.003 
+ .oas 
-so82 
- SOSO 
+ ,031 
+*I58  
+no65 

+ -005 

+a133 
+.056 
-.028 
+ ,075 
+ ,065 
-.I88 
+ -023 
+ -117 

+ a093 

70 I 



TABLE 16 

TABLE 17 
Rsr E W  

( Continued ) 

Date and 
Time 

17-3-27 

8 16 
9 12 
10 13 
11 11 
12 08 
13 12 
14 11 
16 15 

Mean 

18-3-27 

8 16 
9 15 
10 11 
11 11 
It 13 
13 14 
14 20 
15 14 

Mean 

'V 

-.081 
-.157 
-*303 
-.37J 
-.225 
- .219 
-a136 

... 

+.I65 
-.439 
-.448 
-.380 
- -380 
-.I10 
--260 
- ~244 

Error 
feet 

+ '114 
+'040 
+ -086 
+el51 
+no91 
+ ,073 
t.013 
... 

+ e081 

+-032 
+'I35 
+.I27 
+ '087 
+ .097 
+.062 
+'079 
+ '065 
+ -084 

Range of variation of 6 and 6 
D V 

I 100 1 114 

"D 

+ '348 
- '004 
+ '021 
+ -199 
+ -119 
+ -055 
- .I851 
- -189 

+ . 2 4 8  
+ -072 
+ -032 
- ,053 
- -013 
+ -12.5 
+ -049 
+ ,002 

I 

Remarke 

Still 
11 

91 

Light wind 
Wind 

Light wind 
Wind 

Strong wind 

Light wind 
IS 

wynd 
. Lltrong wind 

11 

II 

6 
D 

"F per 
1000' 

+ 46 
- 20 - 16 
+ 18 
+ 03 - 09 
- 64 

... 

+ 27 - 06 
- 13 
- 29 
- 21 
+ 04 - 10 
- 19 

V 
"B per 
1000' 

- 34 
- 48 
- 75 - 88 
- 60 
- 59 
- 63 
- 54 

+ 12 
- 100 
- 102 
- 89 
- 89 
- 39 
- 66 
- 64 



TABLE 17 (conliqtaed) 
Ray E W  

APPENDIX E 

D I R E C T  M E A S U R E S  OF T H E  A1R T E M P E R A T U R E  

G R A D I E N T  

I n  1014 an  apparatus was designed by tlie National Physical 
Laboratory a t  the  request of Dr .  J. de Graaff Hunter ,  Sc.D. for t h e  
measurement of air temperature a t  different heights, in order t o  make 
a direct determination of the  gradient.  

Range of variation of L and 6 
E \V 

I 111 / 70 ! , 

\V 
O F  per 
1000' 

+ 13 
- 54 - 43 
- 49 
- 57 - 044 
+ 06 - 02 

Date and 
Time 

18-3-27 

The temperatures are measured by changes in the  resistances of a 
number of platinum wires suspended a t  the  desired h e ~ g h t s .  A n  equal 
current is passed through them all, and also t8hrough a standard coil of 
niangauin, whose resistance is invariable with temperature.  T l ~ e  resis- 
t,ance of each 1)latinnni wirc is nleasnreil by comparing the  tlrop of 
potent,ial in it, with t,he drop in the manganin.  T l ~ e  t,hermometers are  
hung from a 100 foot portable mast,  as used for triangulation or wire- 
less aerials. They are screened from the sun and f rom radiation from 
the  gronncl. 

Hemar~s  

Light \\rind. 

M'i'nd 
Strong wind 

>. 

"w 
Error 

"I? per 
1000' 

+ 76 
+ 49 
- 06 

00 
- 20 
- 14 
+ 03 
+ 04 

8 01 
9 00 
9 59 

11 00 
11 57 
13 00 
14. 00 
15 01 

Mean 

+ -055 
+ . I 4 8  
+ . 0 8 9  
+ -112 
+ -082 
- -022 
-moo7 
+ ,014 

+ .059 

+ .307 + .175 
+ .I62 I - . l n e  
+ '078 - . I31  

.I04 I - . I 62  
- .008 - .?03 

.027 1 + .OR1 
+ ~ 1 2 0  I + . I 3 6  
+ .I27 1 + ,092 

I 



This  apparatus has been set u p  a t  Dehra Diin and a t  Balawali. 
Tables 18, 19 and 20 give a summary of the results. It was 
also hung  from the  bridge at Balawali, in the  expectation tha t  the  
gradient measured by i t  ~voultl sho\v some agreement with t,hat 
deduced from refractions simultaneously observed a t  Station B. They 
failed to do so, possibly owing to  the influence of the  mass of brick and 
metal forming the  bridge, b u t  more j)roi)ably on account of observations 
a t  one place not being a fair  sample of the ray as a whole. They 
confirm the existence of a reverse gradient over water during the 
day, ranging between 240" ant1 40' F per 1000 feet a t  7 &  feet from the 
surface. 

TABLE 18 

Dehra Diin. Between 1 1 . 0 0  and 1 6 . 0 0  hours. 

Each entry is the mean of a grolip of 6 or 8 measnres. 
The  Standard Deviation has heen computed for tlie purpose ex- 

plained on page 6. 

Tahle 19 gives the: mean r c s ~ ~ l t s  a t  Balawali cam13 in O F  per 
I009 feet The reversal a t  -1-8 feet is notable. This is believed to be 
due to B layer of cold air blowing off the river. 

w 

l'lme 

11 36 
13 oa 
14 43 

11 15 
i2 00 
12 39 
13 20 
14 01 
14 32 
15 15 

11 05 
11 44 

Average gradients in OF per 1000 feet at heights of 
-- 

13 feet I 31 feet ( 48 feet I 65 feet I 83 feet 

12 32 I - 2 4  3 1 + 2 9  
. - - - . -- -. - - I 

- - -- -- - - - 

-. 

- 4.2 
- 48 
- 12 

- 20 
+ 15 
+ 17 
- 47 
- 05 
- 09 
- 16 

- 09 
+ 08 

-- - - ---- 

- 90 r 30 1 - 17 

Mean . .  - 78 1 - 16 1 - OD I - 07 / - 12 
--- -- -- 

Standard D e v ~ e t ~ o u  20 23 

-101 1 - 15 - 34 
- '70 I - 36 - 23 
- 6 7  1 - 2 9  

- 03 
- 131 + 03 - 38 - 105 + 18 - 38 

- 17 
00 

+ Ofi 
-Io2 - -97 I , - 3 3  - 22 - 22 

- 09 I - 04 - 13 
- 1 9 1  - 0 7  + 12 

+ 45 
- 03 

- 11 
+ 03 
+ 21 
+ 32 
- 30 
- 36 
- 31 

- 19 
- 23 



2 Q 

TABLE 19. Balawali c a m p  

Table :?O ~ i v e s  the  ~nesults a t  Balawali bridge.  'I'he two  blanks 
are  caused by  one t,herrnon~eter being in t h e  slln a n d  t,lie adjacent  one 
being in the  shade, vit,iating t h e  measure of t h e  gradient  between them.  

TABLE 20 

Height l3feet  3 l f e e t  48feet 

N.B.-A positive gradient  inflicates temperature  incl-easing wi th  
I~eight .  

The  gradients a t  16 fee t  deduced f rom observation of vertical 
angles a t  S ta t ion  B were. 

h nt 

10 49 + 15 OF per  1000 feet  
18 01 -10 ,, 
13 OR -10 9 t 

14 05 -09 > v  

14 6 8  -07 9 9 

-. 

Meam -04 ,, 

Between 8 .00  Q 11 .00  hours 

I 
a n i e  . -117 -15  1 1 0 1  -17 1 - 1 4  

StandardDev~ation . 45 1 20 1 10 I8 1 27 

-- 

I I 
Between 11.00 B 16.0n llollrs 

Meall vradient 1 -124 -31 +Ol 1 1 5  1 - 2 3  

- - -. -- - -- - -- 

StaodardDer~ation . I I8  I 26 1 27 I 12 
I 

65feet 

'I'i rn e 

h nl 
10 03 
I1 01 
12 00 
13 01 
14 04 
15 01 

83feet  

Mean -12 

(;radient i n  'B per 1000 feet at Iie~ghts of 

- . - - - - - - - 

'ii feet 

+ 14G 
+ 24:i 
+ 69 
+ 66  

+ 41 

- 

169 feet 

- 18 
+ 05 
+ 14 

00 
- 02 
. . . 

154 feet 

- 95 
- 38 
+ 18 
+ 14 
+ 34 
- 04 



They are of tlie correct order of magnitude, bu t  show no ruore 
detailed resemblance. The  readings a t  7 3  feet show general agreement 
with those deduced from ray AX. See Table 13, particularly for 13th 
March 1927. 

APPENDIX F 

R E F R l l C T I O N  
G i n  ( 1  The law of refraction p sin 4 = constant, 

where p is the  refractive index and 4 the angle between 
the  ray and the normal to the  snrface. 

(2)  The  relation between the deusity of air and its refrac- 
tive index, viz p - 1 = Kp, 

where p is tlie density, and X. is a constant 
(3 )  The  " Perfect Gas " law. Y = c T p, 

where P = Pressure. 
T= Xbsolllte temperature (Centigrade). 
c = a constant 

(4) From the vertical ecluilibrinm of a particle, d P =  -p,qdh 
where tr =distance measured vertically, and g= accelera- 
tion due to gravity. 

From the above, there immediately follows the well known result 
t h a t  the  curvature of a ray of l ight passing th ro~lgh  concentric* layers 
of air  is:- 

k d p  - 
11 dli. COS a 

k c o s a  P 11 T 
or - - -  - - ( + ,), where a is the  angle a t  which t,he ray is 

cw 
inclined to  the concentric layers. I n  the rays nnder discrlssion a is 
small and cos a may be taken to  be un i t j .  

Consider pound, foot, second, Centigrade units. 
p = 1.0002929 at  standard temperature and pressure. 

I 
p a t  standard temperature and pressure is Ibs. to the  cubic foot. 

12.4. 

T h e  ncurvature = 1 . 1 7  x 1 0 - ~ $ ( - 0 1 0 1 +  2) 
P 

= . 2+1  -- (.0104+$) seconds per f o o t . .  (1 )  T 
Convert P into inches of mercury instead of p o ~ ~ n d a l s  per square foot. 

* i.e. 111 a rerticnl ~ec t ior~  the lnyer~ of equal tlenrity form concerItric: rirrlfn. 



P dT 
Then curvature = 650 (s 0104 t -) seconds per foot . . (2) 

d lr 
T in Centigrade (absolute) 

. 01S7  + c) seconds per foot . . (3) 
dh 

T i n  Fahrenheit (absolute) 
Coefficient of refraction = (Total curvature in 100 feet,) 

in foot, Centigrade (absolute), and inches of 
mercury unit,s. 

in Fahrenheit. (absolute) units. 
As an approximation take P = 29".5 

T = 65OF. = 623'I". (absolute) 
11 1' 

Then coefficietlt of refraction = 5 - 4 (a0187 + z) . . . . . . . . . (6) 

I /  T 
,flc 

being in degrees Fahrenheit per foot,. 

APPENDIX G 

E F F E C T  OF 'I'HE EARTH'S ROTATION ON W A T E R  LEVEL 

A s  is well known, the  Earth's rotation tends to deflect north or 
south flo\vtng rivers towards one bank, so tha t  the  water level on t h a t  
bank stands slightly higher than on  he other. Vrhen crossing by  the  
water-galice method, it may be necessary to apply a small correction on 
this account. If the correction be large, the site must  be considered 
bad, because the correction c ~ n n o t  be well determined. 

The corrertioi~ is 0 OOOOOSS 2.  n sin X cos a feet, where v is the  
meail velocity of the river in feet per second, cr is the  width of water in 
feet, A is the  latitutle and a is the angle which the direction of flow of 
the river makes with the  meridian. For the  sign, the  rule is tha t  in 
the northern hemisphere the right bank is raised. 



PART I1 
THE E R R O R  DUE TO REFRACTION WHEN 

L E V E L L I N G  UP A HILL. 

M. Lallemand's formula.-When levelling tinder ordinary 
circumstances the refractions in the fore and back rays are assumed equal, 
and are neglected. This procedure is quite justifiable, for although 
there may not be even approximate eqnality in ariy particular case, the 
error ilitroduced a t  each station is extremely small, and the errors a t  
successive stations are not geticrally likely to occur with any persistellce 
of sipn. But when the line 1)roceeds continuously along an up or down 
g m d i e ~ ~ t  the circnrnstances are different, and it is probable that  the 
errors will accumrllate to an appreciable extent. M. Lallemand has given* 
a fo r rn~~ la  for this error, depent l in~  on the air temperatures a t  the points 
n.liere the ray meets the fore staff, instrument*, and back staff. His 
formula has the tlcfect that it fails if the temperature a t  the instrument 
is not iritermecliate between the temperatures a t  the staves. Such a 
condition rnay thenreticall!r be abnormal, but in practice i t  has been 
found to be of frequent occ~lrrence and i t  has not been possible to use 
this fornlula for the recently revised line from Dehra D i n  to Mussoorie. 
Thir 1)eht-a-Jlussoorie l ~ n e  is 18 m ~ l e s  long and rises continuously 
43.50 feet. I t  is conseqliently an extreme case of up-Id1 levelling. It 
was relevelletl in 1928-27, and tempera t~~res  were measured as required 
for M. Lallemand's formula. 

A d i f f e r e n t  formula . -The  curvature of a horizontal ray of 
3 m n .L 

light a t  any point depends on the vertical temperature gradient - a t  rl h 
that  point (See Part I, Appendix F), so that  before i t  is possible to 

dT 
calcnlate the refraction i t  is necessary to  determine an expression for - dh. 

For the present plirpose i t  is assumed tha t  dh is a linear function of 1. 

Theoretically, some exponential relation may be more plausible, but, as 
ri2T 

be seen later, a3 is so doobtRillg determined tha t  t,he inclusion or 

exclusion of higher coefficients is of no consequence. 
Let 6 h  be the required correction to  the observed  height.^. 

dl' IFT 
Let ,IL =p-t  p h ,  q being - dh2' 

Let the clistance between the staves be 2 n  feet., and let the rise 
between them be 2H feet, the slope being uniform. 

U n 
h t .  the slope of t.he ground be a, so tha t  tan a = --. n 
Let t.he angle of refraction in the fore ray be O,,  and in the 

back ray a,. 
- 

+ Cornptra lbndor dea gdancscr de la Cornmimion permanente dr 1' Aeeociation 
M i q u e  Intmationola 1898. 



L e t  s be the horizontal distance of any  point from the  instrument,  
and h i ts  height above t h e  ground. A t  the  instrument assume h to  

- 
be 5 feet. 

From Part  I, Appendix F, the  curvature a t  a n y  point is 
dT 

%(-0104 + seconds per foot. 

(2 T 
u 

Now = p + q h  and h,=5$s  t a n a  + for t h e  back ray 
dT - for t h e  fore ray 

:. a = ( p + 5 q )  p t a n  a 

a 

550P{ 
( - o I o ~ + ~  + s l )  t 2s tan a{ 1 ] dr and f2 = - aT2 

0 

+ for O,, and - for Cll 

The height correction Sh = a  (a,-a,) sin 1" 

- l8OP d22' 
- - a -  

T2 dk' a2H sin 1" ........... . .. (7 )  
P in inches of mercury 
Tin degrees Centigrade ( a b ~ o l u t ~ e )  

and n in feet. 
d2T Correction for the Dehra-Mussoorie line.- no doubt 

varies from place to  place and from time to time, but  since the correction 
ie only of consequence if i t  is systematically accumulating, and since i t  
is in any case small, computatiouzl labour may be savecl by o b t a i u ~ n g  a 
single value for any large section of the line. I n  the present case the  
line has beell divided into three equal sections, the  agreement between 
which provides a means of judging the accuracy of the  value found. 
Section I from Dehra t,o Riljpur is rather less steep than the 
other two. 

Denoting the temperatures a t  the instrunlent and either staff by T, 
and FS respectively, ant1 the  height of the r a ~ -  above tile ground a t  these 
places by 11, and Hs, and assuming t h a t  isothernlal layers are ~ ~ a r a l l e l  \ .  

d 2' IJ ,+H IT,'-T, to the ground, we have - a t  a height of - ---.'=-- 
dh 2 HI - Hs 

HI i~ fairly constant (5 feet). All the observations Ilave been 
classifietl in  gronps according to the  values of H8 (e.g. 139 between 0 
and 1 foot, 1 and 2 feet etc.,) and the  mean value of TI- Ts has been 



taken out for each group. - T1 - Ts has then been computed, using for 
HI - Hs 

Hs the middle height of the group (6 inches, 1 3  feet etc). The resulting 
dT values of - are given in Table 21. No results are given for gl-oups 
dh 

in which HI - Hs is between + 3  and -3 feet, as the small denominator 
necessarily makes them inaccurate. 

TABLE 21. Gradient in O C  per foot. 
+ indicates temperature increasing with height. 

Gradient I Section 1 I Section II ( Section 111 1 Mean feet  
-- 

22 - .03 - '05 - .07 - ,050 ) - .036 at 3 feet 
3) 

6# + -05 + ~06 
7 t 

d2T - From Sections I, I1 and I11 --, - + 011, + ~ 0 1 4  and + ,005 
dh- 

respectively. 
d2T 

Mean value of - = + -010 'C per ( f ~ o t ) ~ .  
dlr2 

dZT The three values of - show little similarity beyond identity of 
dhJ 

sign, and the result can be credited with little accuracy. Some confirma- 
d2T 

tion of the order of magnitude of - can be obtained from the direct 
d h= 

meaaures of the temperature gradient given in Par t  I, Appendix E. 
d T  

Tables 18 and 19 give mean values of - a t  13 feet and b l  feet, from 
dl4 

d" which - a t  22 feet is found to be .0034 and ,0053 a t  Dehra Dun 
dh' 

and Balamali respectively in Fahrenheit nnits, or ,002 and .003 in 
Centigrade. A t  five feet above the ground, with which height the 

d l '  
leveller is concerned, -7 may be expected to be greater. In  Pact I the 

dh' 
dT d 2 T  

falling off of - (and consequenlly of -,) was found to be fairly 
d h  d h -  

proportional to e-'"65h. Accepting this, we get  -003 and .OOH for 

' c a t  5 feet,, ~vliich is in good agreement with the figure now obtained. 
dh4 

da T 
Sabstitntiog = .010 in ( 7 )  we have, 

d h" 
P 

Height correction = 1 . 8  - sin l"Za%, T? 



Table 22 gives the data for calculating the correction. 

TABLE 22 

Height Correction 

-- -- 

5 . 8 0 ~ 1 0 "  27.1 .0154 
3.44 x 10" 26.6  207 .0089 

111 1 . 7 7 ~  10" 24' 2 293 .0045 

The total correction is 0 . 0 2 9  feet. This is to be added to  the 
observed height of i\lussoorie above Dehra, since a positive value of - 
d2 1' 
- results in less refraction in the fore ray than in the back, whicll 
dh" .. . 

results in the back staff reading being relatively too small, ancl the ob- 
servecl height difference being also too small. 

This result may be colnpared with that  of 0.092 feet obtained by 
Dl*. J. de Graaff Hunter* in 1909, using Lallemancl's formula and using 
values obtained bv &I. Lallemand elsewhere for ~ v h a t  is ecluivalent to 
(1" 
. I11 view of the absence of any actoal observations of this esseu- 

tial for the estimate of 1909, the agreement between ~ 0 2 0  ancl 
-09.2 is not rlnsatisfactoq-. 

The probable error due to ordinary causes in a precise line 16 miles 
long is a 0 2 5  feet, so that  a correction of .02Y should iindoubtedly be 
included if i t  could be a t  all correctly determined. In  the present case 

d" 
the value deduced for ---, is believed to be so inaccurate that  thecorrec- 

d / r  
tion is not worth applying. .We can only be satisfied that  i t  is not SO 

large as to make the uncorrectecl resnlt seriously inaccurate, and that  it 
can in no way be called upon to esplain the unaccountecl discrepancy of 
one or two feet between the spirit-levelled value of the height of 
Mussoorie above Dehra and that  fonnd by triangu1ation.t 

 conclusion^.-The Dehra-hIilssoorie line is an extreme case of 
up-hill levelling. I t s  refraction correction has been found almost neglig- 
ible, from mllich i t  nlay a t  first sight be conclitcled that the correction 
will be negligible ill all lines. Such a conclusion is not entirely correct, 
for two reasons. Firstly, formula (7)  shows that  the correction varies 
as 0'. Between Dehra and hfussoorie a averaged less than 14 chains, 
while in more gently sloping country i t  may average 4 chains. Secondly, 

d Z T  
the Dellra-Mnssoorie line gave a valr~c of .010 for 7. This was 

d A ; 
slightly greater than that cleduced froin the figures given in Part  I 
Appentlis E, bnt i t  is only one third of that usecl ill Vol. XIX Appenclix 4. 
It is reasonnble therefore to legislate for a probable value of ,020 and 
to recognise that  larger values may occur. 
-..- - - ---- - 

* (:.'I'.9, Vol. S I X ,  A p l r c ~ ~ t l i x  4%. 
f j * idc  1 ) ~ .  ,I. clc G K L I L ~  k 4 1 1 1 1 t ) ~ r  i l l  SIII,V(,>,  01' I ~ l t l i ; ~  l'rv~cssii~~~:~l 1 4 ,  

Apllcutlix 



d2T Substituting a=264 feet and -, = 0020 in (7) with normal values 
l t  h 

of P ancl T, and sun~ming the correction for consecutive rays, i t  is seen that  
I;T 6h = .020 C -, i. e. ,020  per total rise of 100 feet. This figure is 5 0 

independent of the slope provided the gradient is easy enough to allow 
of chain sllots. I n  the very flat slopes which persist for hundreds of 
miles in the plains of India, an error of this magnitucle does not matter. 
For instance the height of Lahore, 700 feet above sea level, may be in 
error by 0 . 1 4 0  feet, which is negligible. On steeper slopes the error 
becomes of more consequence, culminating a t  a slope of 1 in 70 where 
an error of .O20 per 100 foot rise is equivalent to 0 . 0 1 5  feet per mile, 
an amount which becomes intolerable after a very short distance. On 
steeper slopes, the length of shot is necessarily recliiced : a t  1 in 20 only 
l+ chain shots are possible, and the error is rediiced to -005  per mile. 
It is a fortunate fact t ha t  on a road a slope of 1 in 70 seldom persists 
for long:  if a hill of 100 feet or more hps to be climbed, the gradient 
generally steepens to something like 1 in 20. Exceptions of coiirse 
occur, notably when a road approaches the foot of a great range of  hill^. 
Also, 1ong.graclients of 1 in 70 may occur on railway 11nes. Modern high 
precision 11nes are, however, kept away from railways as far  as possible. 

I n  the very occasional places where clangerously persistent easy 
gradients occiir, the remedy seems to lie in shortening tlie length of 
shot, rather than in making temperature readings and trying to find a 
correction. The follo~ving four rules indicate the circumstances under 
which such shortening is necessary. On the one hand they are suffi- 
ciently lax to avoicl their becoming a perpetual nuisance (they will be 
foiincl to require very infrequent action), and on the other hand their 
observance should ensure the absence of serious error in any line but 
one especially designed to defeat them. Definite rules are necessary for 
t he  giiiclance of the levellers in the field :- 

Httle 1 .  I f  the rise in any section about five miles in length 
average less than 1 foot per station, (i. e. 50 feet in 
5 miles), that  section is considerecl flat and no action 
is necessary. 

Note A.  When taking out the averagc rine, any negative rises are 
oE course n~~rnerically subtracted Erom the positive riues. 

d? T 
Note H. With shots averaging 4 chains, find -- = .020, this rnlc 

dh2 
al!oms an error of ,003 per mile, which in tolerable for considerable 
rlistrnces. 

Rtbde 2. If  the conntry is not flat as delined in rule ( I ) ,  it is 
conviclerecl to have a dangerously persistent gradlent 
after i t  has risen more than 50 feet, if the length of 
tlie shots (station to staff) i n  which the rise has occurred 
has avcragcd 3 chains or more, or 100 feet if the sllots 
have averaged between 1 4  and :I chains. If they have 
averaged less than 1 .f chains there is no  limit. 

Not? C. Thiu rulc ndmitn an error of .010 feet bcEore eny ~ct ic)n ia 
taken. 



Rule 3. Once a gradient has been found to be persistent (i, e. after 
it has risen 50 or 100 feet as above) the length of shot 
must be reduced to It chains, until such time as the 
gradient is reversed or so reduced tha t  tlie rise per 
station does not average more tlian 1 foot with a 
longer shot. 

Note D. 14 chain shots admit an  error of .005 per  mile (a t  t h e  
worst slope). This can be  tolerated for some miles. 

Note E. I f  t he  gradient be r e r e r ~ e d  or reduced as above for one o r  
more consecutive shots, the  length of these shot6 should not  be 
restricted, but t he  dangerously prcsistcnt grndient cnnnot be con- 
sitlered to have ceased until t he  damn hill or level bas  continned 
for at least one mile (see also Note F), i. e ,  if t he  rise be resnmed 
before one mile, t h e  length of shot must i n ~ m e d i n t d y  be reduced 
t o  1$ chains, withont waiting for  a. second rise of 50 or 100 feet. 

Kote F. If aft,er reversal t h e  down hill gradient be ~ n c h  as t o  come 
under rule ( a ) ,  t he  np grade is  considered to have ceased, and t h e  
length of h o t  must iu due course be reduced on account of t h e  
down grade. 

Bule 4. The above three rules are repeated substituting t,he words 
"fall" for "rise", " down " for " u p  ", and $ice versa. 

If, in future, ten~perat,ure measurements should again be made and 
a correction applied, i t  would be better to take the temperature a t  three 

d" tile 
~ o i i i t s  vertically above each other near tlie inst.run~ent. For - 

d A" 
essential quantity wliicli has to  be measnred, ancl i t  is much better 
determined by three such measures a t  one place, than by measures a t  
three places some chains apart,. 



PART I11 

THE C O R R E C T I O N  FOR, S T A F F  L E N G T H  

The  present method of correcting for the  cleparture of the  true 
length of the  staff from 10 feet is to take the  mean of tlie errors of t l ~ e  
two  staves, ancl to  apply i t  to the clifferences of height between bench- 
marks. It is clear t h a t  this procedllre is ~ n l y  strictly correct if tlie two 
staves are of esactly eclual length. I n  view of the  presence of inexplic- 
able systematic errors in all lev ell in^, this possible source of error lias 
been investigated, with the  result t h a t  the  present method is conclnded 
to  be satisfactory, provider1 t h a t  the  staves are somewhat carefully 
paired as regards equality of length. 

L e t  the  two staves be clesignatecl A ancl R.  
L e t  e~ and e~ be their erro1.s expressed as clecimals of their length. 

i.e. length of A = 10 (1 + e , )  feet. 
L e t  B indicate a Imck staff reading, anel F a f o r e  staff reading. 
L e t  saffixes ancl B indicate tlie staff on which the reading is made. 
Then the t rue correction for the  length of staff 

e + e  
T h e  present form of correction = -*-J 2 (B - F) 

2 

Let  I3 designate the  true correction I I I ~ ~ L I ~ . ~  t,hc present correctlion. 

where R, is the rise in height of the  line of sigllt when the ins- 
t rument  is moved and ilL staff remains stationary. Similarly It,, is the 
rise when B remains stationary. 

The  sign of small corrections requires to  be carefully stated. If es, 
be defined by the relation " Actual length of staff = 10 (1 + e n )  ", R 
must be added to the  height of the  fore bench-mark above t h a t  of tlir 
hack bench-mark. 

eA-en  may be of constant sign thronghont, the  season. On the 
other hand the  sign of RA - RR is truly cas~ial,  aA ia therefore t,he sign 
of their procluct, which is consequently amenable to tlie laws of 



probability. If n be the number of times the instrument is set up, K the 
probable value of RA -Rg for two consecutive moves, and Y. E. the 

probable value of E, then P. E. = 2 
K&. . . . . . (2 )  

Our present field operations supply all the data necessary for the 
evalua.tion of this correction in Its form ( I ) ,  and rlnless we can be satis- 
fied that  i t  is negligibly small i t  should undoubteclly be coniputed ancl 
applied. Formala (2) provides the means of estimating i ts  rnagl~itude. 
By p i r i n g  staves, the magnitude of e, - P [ ,  can be l~nlited. (;ive~i a 
fairlg large stock of staves, they can be so pairecl that  i t  does not exceed 
-0002 a t  the beginning of the season. Hut snch close agreement 
cannot be maintained, ant1 examination of previous gears' records 
sho~vs that  a diiference of 0.0004 may occasionally occur and persist 
for some t ~ m e ,  even if the staves be paired to O.0002 a t  the start .  e~ - e~ 
must therefore be talien as 0.0001.  The esti~iiation of n presents no 
difficulty. Table 2 3  sho\vs some actual values. 

A' is not an easy thing to guess, but  ty l~ ica l  values can be obtained 
by computation from past records. Table 23 gives the results. Each 
entry is detlnced from about 50 actual values of RA -RIl taken a t  ran- 

* 074.5 
do111 along the line, using the formula A'= -JS(RA -KB)?, 

J ? d  - 1 

ItA--RB is of cot~rse zero on a surface which is absolutely flat or on a 
constant grade, provided the instrnment is set np a t  constant height. 
Along ra~lway lines, or along good roads in very flat country, these 
conditions are closely realised and the table shows that  K is between 
1 . 0  feet aiid 1 . 5  feet. When morkinq on a long steep slope K is also 
small, because the level is deliberately so placed that  the rise shall 
always be nearly the maximum possible amount of 8 or 9 feet. This 
point is of importance because in such places I /  may be abnorn~ally 
large. It is clear however, that  no clangor arises, ancl exceptionally 
large values of I L  need not be consiclercd. Sharply undnlating country 
is the most nnfavourable. The last colnn~n of Table 23 gives the 
probable error generated in 100 miles by the method of applying 
staff correction, for 6 recent lines of levelling. It is a truly accidental 
error, in no way systematic. The allo~vable accidental probable error 
i n  100 lniles is .0181 of n foot, a, figure which is not much improved 
111)on in practice. The largcst value of P. E. in the table is 0 .013  f t , ,  
which is negligible. With well pairecl staves, the average valnc in all  
lines will be about o ~ i e  third of this. 

It, iq  conclnrled that  the present method of applying the correction 
is .;atJisfactory, bltt, that  staves shonIc1 be paired to within 0.0004 
(i.e. 0 0010 feet). 1 C they s tar t  the season within 0 .002  feet, the 
above limit is not like:y to be exceeded. If i t  should be exceeded, t h e  
deqil-ahi1it.y of apl,lying the correction given by formula (1) should be 
consitlered. If a qaniple Ea taken and K be founcl small, the correction 
will 1)robably be of no conserluence. 



TABLE 23- E1.1.or i r r  presefzt met4od of 
npplyiltg stag correclios 

* e~ - e~ averaged -0007 $ assnming eA - e~ = -0004 

t ea - eo averaged .0001 

Oeod. Br. P. 0.-1W-810. 

Nature of line 

Along a road in the 
flat plains of the 
Punjab. 

Along a railway in 
Siod. 

Along road and rail- 
way. Part nndu- 
latlng & part flat. 

Along a road in nn- 
dulating conntry 
in the Dcccan. 

Along road dc pony 
track on a steep 
hill. 

Y 

e 0 

Lahore-Feroce. "'l"s feet f e e t  f e e t  f e e t  
' 

pore-D:lroli 86 
1913-14k 1919-20 

'007 

Sebwirn-Kotri 
1920-21 

Rijkot-Porhan- 
dnr 1926-27 

-- 

R ~ i c l ~ i r -  Biral- 
kot 1914-15 

Rijpnr-M us- 
eoorie 1946-27 

--- 

88 

-- 

132 

.. 

12i. 

13t 

---- 
I 850 

600 1,250 

1.27 

!---- 
1.15 

2.62 

1.46 

600 

-.-- 

3,200 

-I- 

1,300 

4,500 

.012* 

--- 

--- 

-001t 

- 

.005 

~ 0 0 6  

.013 

-013 
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